THE COMPACT SUPPORT PROPERTY FOR THE A-FLEMING-VIOT 
PROCESS WITH UNDERLYING BROWNIAN MOTION 
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Abstract. Using the lookdown construction of Donnelly and Kurtz we prove that, 
, at any fixed positive time, the A-Fleming-Viot process with underlying Brownian mo- 

tion has a compact support provided that the corresponding A-coalescent comes down 
from infinity not too slowly. We also find both upper bound and lower bound on the 
Hausdorff dimension for the support. 



1. Introduction 

The Fleming- Viot process is a probability-measure- valued stochastic process for pop- 
ulation genetics. It describes the evolution of relative frequencies for different types of 
alleles in a large population that undergoes resampling with possible mutation. An ear- 
lier review on the classical Fleming- Viot process can be found in Ethier and Kurtz fH]. 
When such a process is treated as a general measure- valued stochastic process, the mu- 
tation can also be interpreted as motion. In this paper we will consider the Fleming- Viot 
process with underlying Brownian motion. 

The support property for measure- valued stochastic processes has been an interesting 
topic. The earliest work on the compact support property for classical Fleming- Viot 
process is due to Dawson and Hochberg It was shown in [4J that at any fixed 
time T > the classical Fleming- Viot process with underlying Brownian motion has 
a compact support and the support has a Hausdorff dimension not greater than two. 
Using non-standard techniques Reimers [13] refined the above result by proving that the 
Hausdorff dimension of support for this process is at most two simultaneously for all time 
t from finite interval [0,T]. Iscoe [llj first proved the compact support property for the 
related Dawson- Watanabe superprocess. The compact support property for solutions to 
SPDEs can be found in Mueller and Perkins [12j . 

The moments for classical Fleming- Viot process with underlying Brownian motion 
are determined by a dual process involving Kingman's coalescent of binary collisions and 
heat flow. The A-Fleming-Viot process generalizes the classical Fleming- Viot process by 
replacing in its dual process the Kingman's coalescent with the A-coalescent that allows 
multiple collisions. Blath p] showed that the A-Fleming-Viot process with underlying 
Brownian motion does not have a compact support if the A-coalescent does not come 
down from infinity. It is then interesting to know whether such a process allows a compact 
support if the A-coalescent comes down from infinity. 
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Compact support property of A-Fleming-Viot process 



In this paper we find a sufficient condition on A-coalescence rates for the A-Fleming- 
Viot process to have a compact support at any fixed positive time. We adapt the idea 
of Dawson and Hochberg [4] as follows. Given any fixed time T > 0, we can represent 
the A-Fleming-Viot process at time T as limit of empirical measures of the exchangeable 
particle systems obtained via the lookdown construction of Birkner and Blath flj. For a 
sequence of random times r„ converging increasingly to T, by the lookdown construction 
and the property of coming down from infinity there exist a finite number of common 
ancestors at each time r„ for those particles at time T. Our assumption on coalescence 
rates allows us to estimate the number of common ancestors at time r„. Then locations 
of the ancestors at time T^+i are determined by a collection of possibly dependent 
Brownian motions starting from the locations of ancestors at time T„ and stopping after 
time T„_|_i — T„. By the modulus of continuity for Brownian motion we can estimate 
the maximal dislocation of the ancestors at time T„-|-i from those at time T„. Choosing 
(T„) properly and applying Borel-Cantelli lemma we can show that for m large enough 
the maximal dislocations between T„ and T„+i for all n > m are summable. Then all 
the particles at time T are situated in the union of finitely many closed balls centered 
at the ancestors' positions at time Tm respectively. The compact support property 
then follows. As a byproduct of the estimates we can also find an upper bound for 
the Hausdorff dimension of the support at time T. The lookdown construction plays a 
crucial role in our arguments. 

The paper is arranged as follows. In Section [2] we briefly introduce the A-coalescent 
and its coming down from infinity property. In Section [3] we present the A-Fleming- 
Viot process and its lookdown construction. In Section d] we prove the compact support 
property for A-Fleming-Viot process with underlying Brownian motion. We also find 
both upper and lower bounds on the Hausdorff dimension for the compact support. 



2.1. The A-coalescent. We first introduce some notations. Put [n] := {!,... ,n} and 
[oo] := {1,2,...}. An ordered partition of D C [oo] is a countable collection vr = {tTj, i = 
1,2,...} of disjoint blocks such that UjTTj = D and minvTj < miuTTj for i < j. Then 
blocks in vr are ordered by their least elements. 

Denote by Vn the set of ordered partitions of [n] and by Voo the set of ordered partitions 
of [oo]. Write 0[„] := {{1}, . . . , {?^}} for the partition of [n] consisting of singletons and 
0[oo] for the partition of [oo] consisting of singletons. Given n G [oo] and vr € Voo, let 
Rni^^) £ Vn be the restriction of tt to [n]. 

Kingman's coalescent is a Poo-valued time homogeneous Markov process such that all 
different pairs of blocks independently merge at the same rate. Pitman [13] and Sagitov 
|15j generalized the Kingman's coalescent to the A-coalescent which allows multiple col- 
lisions, i.e., more than two blocks may merge at a time. The A-coalescent is defined as 
a Poo-valued Markov process {n(t) : t > 0} such that for each n G [oo], {n„(t) : t > 0}, 
its restriction to [n], is a P^-valued Markov process whose transition rates are described 
as follows: if there are currently b blocks in the partition, then each /c-tuple of blocks 
{2 < k <b) independently merges to form a single block at rate 
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(1) 




H. Liu and X. Zhou 



3 



where A is a finite measure on [0, 1]. It is easy to check that the rates {Xb,k) are consistent 
so that for all 2 < /c < 6, 

(2) \b,k = \+l,k + ^b+l,k+l- 

Consequently, for all m < n < oo, the coalescent process Rm (^n(t)) given n„(0) = 7r„ 
has the same distribution as limit) given 11^(0) = RmiT^n)- 

With the transition rates determined by ([1]), there exists an one to one correspondence 
between A-coalescents and finite measures A on [0, 1]. 

For n = 2, 3, . . ., denote by 




the total coalescence rate starting with n blocks. In addition, denote by 

ln = ^{k - I) \ V)^n,k 
k=2 ^ ^ 

the rate at which the number of blocks decreases. 



2.2. Coming down from infinity. For n € [oo], let 7^n„(t) denote the number of 
blocks in partition n„(i). The A-coalescent comes down from infinity if 

p(#noo(t) <oo) = i 

for all t > 0. It stays infinite if 

p(#noo(t) = oo) = 1 

for all t > 0. 

Theorem 2.1 (Schweinsberg p^). Suppose that A has no atom at 1. Then 

• the A-coalescent comes down from infinity if and only if '^'^2%^ ^ 

• the A-coalescent stays infinite if and only if Yl'b^2%^ ~ 

We list some examples of A-coalescents and identify whether they come down from 
infinity or stay infinite. 

• If A = (5i, then X^^b = 1 and Xb^k = for all 2 < A; < 6 — 1. The corresponding 
coalescent only allows all the blocks to merge into one single block after an 
exponential time with parameter 1. Thus it neither comes down from infinity 
nor stays infinite. 

• If A = (5o, the corresponding coalescent degenerates to Kingman's coalescent and 
comes down from infinity. 

• We say that a A-coalescent has the (c, e, 7)-property, if there exist constants 
c > and e, 7 G (0, 1) such that the measure A restricted to [0, e] is absolutely 
continuous with respect to Lebesgue measure and 

A{dx) > cx~'^dx for all x £ [0, e]. 

The A-coalescents with the (c, e, 7)-property come down from infinity. 
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• For /3 € (0,2), the Beta{2 — (3, l3)-coalescent is the A-coalescent with the finite 
measure A on [0, 1] denoted by 

— If /3 G (0, 1], the Beta(2 — /?, /3)-coaIescent stays infinite. 

— If /3 G (1,2), the Beta(2 — /3, /3)-coalescent has the (c, e, /3 — l)-property and 
comes down from infinity. 

3. The A-Fleming-Viot process and its lookdown construction 

In this section, we first briefly review the literatures on lookdown construction. Then 
we introduce the lookdown construction for A-Fleming-Viot process and explain how to 
recover the A-coalescent from the lookdown construction. 

3.1. The lookdown construction for A-FIeming-Viot process. The idea of ex- 
pressing the probability-measure- valued process using empirical measure of an exchange- 
able particle system goes back to Dawson and Hochberg [3] in which the classical Fleming- 
Viot process on space E can be obtained as limit of empirical measure of an ii^°°-valued 
particle system. 

Donnelly and Kurtz 13 [H [7] explicited this idea further by introducing the celebrated 
lookdown construction. In [5] they showed that the classical Fleming- Viot process arises 
as limit of empirical measure associated with an infinite particle system obtained from 
the lookdown scheme. In [6] they proposed the lookdown representation for Fleming- Viot 
process incorporating selection and recombination. In [7J they further introduced a mod- 
ified lookdown construction for a large class of measure- valued stochastic processes that 
include both the neutral Fleming- Viot process and the Dawson- Watanabe superprocess 
as examples. 

Birkner and Blath [1] discussed the modified lookdown construction of [7] for the A- 
Fleming-Viot process. They also described how to recover the A-coalescent from their 
modified lookdown construction. A Poisson point process construction of the more gen- 
eral H-lookdown model is found in Birkner et al. [2] by extending the modified lookdown 
construction of Donnelly and Kurtz [7\ . It was shown that the empirical measure of the 
lookdown particle system converges almost surely on the Skorokhod space of measure- 
valued paths to the H-Fleming-Viot process. 

In the lookdown particle system each particle is attached a "level" from the set [oo]. 
There are reproduction events in the system and the particles move independently be- 
tween the reproduction times. The system is constructed in a way that the evolution of 
particle at level n only depends on the evolutions of particles at lower levels. This prop- 
erty allows us to construct approximating particle systems, and their limit as n — )• oo in 
the same probability space. The lookdown construction is a powerful tool for studying 
Fleming- Viot processes. 

Now we introduce the lookdown construction for A-Fleming-Viot process with under- 
lying Brownian motion following Birkner and Blath [T]. Let 

{Xi{t),X2{t),X3{t),...) 

be an (R"^)""- valued random variable. For any i G [oo], Xi[t) represents the spatial 
location of the particle at level i. We require the initial values {Xi{0),i £ [oo]} to be 
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exchangeable random variables so that 



1 

i=l 



exists almost surely by dc Finctti's theorem. 

Let A be the finite measure associate to the A-coalescent. The reproduction in the 
particle system consists of two kinds of birth events: the events of single birth deter- 
mined by measure A({0})5o and the events of multiple births determined by measure A 
restricted to (0, 1] that is denoted by Aq = A — A({0})(5o. 

To describe the evolution of the system during events of single birth, let {Njj (t) : 1 < 
i < j < oo} be independent Poisson processes with rate A({0}). At a jump time t of 
Njj, the particle at level j looks down at the particle at level i and assumes its location 
(therefore, particle at level i gives birth to a new particle). Values of particles at levels 
above j are shifted accordingly, i.e., for ANjj(t) = 1, we have 



For those events of multiple births we can construct an independent Poisson point 
process N on R+ x (0, 1] with intensity measure dt x~'^Ao (dx). Let {Uij, i,j G [oo]} 
be i.i.d. uniform [0, 1] random variables. Jump points for N correspond to the 

multiple birth events. For J C [n] with | J| > 2, define 



Then Nj(t) counts the number of birth events, among the levels {1,2, . . . ,n}, exactly 
those in J were involved up to time t. Intuitively, at a jump time tj, a uniform coin is 
tossed independently for each level. All the particles at levels j with Uij < Xi participate 
in the lookdown event. More precisely, those particles involved jump to the location of 
the particle at the lowest level involved. The spatial locations of particles on the other 
levels, keeping their original order, are shifted upwards accordingly, i.e., ii t = ti is the 
jump time and j is the lowest level involved, then 



where J^. = #{m < k, Uim < Xi} — 1. 

Between jump times of the Poisson processes, particles at different levels move inde- 
pendently according to Brownian motions. The values of {Xi) are determined by the 
following system of stochastic differential equations. Let {Bj(t) : i = 1, 2, . . .} be a se- 
quence of independent and standard d-dimensional Brownian motions. The particle at 
level 1 evolves according to Brownian motion, i.e., 



(3) 



Xk{t) = I X,{t-), 



if < j, 

iik= j, 
if k> j. 



(4) 




Xkit-), for k < j, 
Xk{t) = < Xj{t-), for k > j with Uik < Xi 
Xi^_jk (t- ) , otherwise, 



=Xi(0) + Bi(i). 



6 Compact support property of A-Fleming-Viot process 

For n > 2, X„ satisfies 



Xn{t) =X„(0) + Bn{t) + f ^^n-l{s-) " dN 

+ V r(Xi(s-)-X„(s-))dN,„(s) 

l<i<n-^0 



JC[n],n0J ■ 

where the first integral concerns the lookdown event involving levels i and j both below 
level n; the second integral concerns the event that particle at level n looks down at 
particle at a lower level i; the third and fourth integrals concern the lookdown events 
with multiple levels involved. 

For each t > 0, Xi(t),X2(t), . . . are known to be exchangeable random variables so 
that 



1 

X{t)= hm - Y5x, 



, , ..At) 
i=l 

exists almost surely by de Finetti's theorem and follows the probability law of the A- 
Fleming-Viot process with underlying Brownian motion (cf. Donnelly and Kurtz [7J, 
Birkner and Blath [Ij). 

3.2. The A-coalescent recovered from the lookdown construction. The birth 
events induce a family structure to the particle system so we can talk about its genealogy. 
For any t>0, 0<s<t and n € [oo], denote by i^(s) the ancestor's level at time s for 
the particle with level n at time i. Consequently, Ll^{s) satisfies the equation: 



Ll{s) = n- I l|it^(„)>j}(iNij(u) 

i<«<i<n 



l<j<j<n 
ft 



- Y [ i^n (^) - min (J)) l{Liiu)GJ}d'N'}{u) 

JC[n] 
JC[n] 

For fixed T > and i G [oo], LJ (T — t) represents the ancestor's level at time T — t 
of the particle with level i at time T and Xi^T(rp_-f.-^ ((T — t)—) represents that ancestor's 
location. 

Write {ll{t)) ^^^^j, for the Poo-valued process such that i and j belong to the same 
block of n(t) if and only if Lf{T — t) = LJ{T — t). Therefore, i and j belong to the 



H. Liu and X. Zhou 



7 



same block if and only if the two particles at levels i and j, respectively, at time T share 
a common ancestor at time T — t. The process (n(t))g^^^^ tm'ns out to have the same 
law as the A-coalescent running up to time T (cf. Donnelly and Kurtz [7J, Birkner and 
Blath [Ij), which justifies the usage of the notion. 

We end this section with an observation on (n(t))g^^^^. 

Lemma 3.1. For any fixed T > 0, let (n(t))p^^^y be the A-coalescent recovered from 
the lookdown construction. Then given t £ [0, T] and the ordered random partition 
U{t) = {iTiit) :/ = !,..., #n(t)}, we have 

LJ {T -t) =1 for any j G 7r;(t). 

Proof. For any 1 < / < #n(t), by definition the particles with levels in block vr/(t) at 
time T have the same ancestor at time T — t. Let ii = min7r;(t). 

It is trivial that ii = I and Lf^(T -t) = 1. Then LJ{T - t) = I for all j G 7ri(t). 

Now we consider the case I > 2. Since ii = min7r;(t), looking forwards in time the 
ancestor of the particle on level ii at time T never looks down to particles of lower levels 
during the time interval [T — t,T]. As an increasing and piecewise constant function, the 
ancestor level {Lf^{s),T — t < s < T} only increases in s because of upward shifts. We 
thus have 

(5) LliT) - Ll{T -t) = # {Lj{T) : j G [i,]} - # {Lj(r - t) : j € [ii]} , 

where we recall that [i/] = {1, 2, . . . , ii}. By ([5]), it follows that 

Lf^{T-t) = #{Lj{T-t):j€[ii]}. 

Since {7rj(t), 1 < j < #n(t)} are ordered by their minimal elements, then 

[il] C Uj^iTTj{t) and TTjit) D [ii] 7^ for all 1 < j <l. 

Recall that Ilii{t) is the restriction of n(t) to [ii]. It follows that ^Ili^(t) = I, which 
implies that 

#{LjiT-t):je[ii]}=l. 

We then have Lf^{T — t) = I. All the particles with levels from the same block have a 
common ancestor at time T — t, therefore, LJ{T — t) = I for any j G vr/(t). □ 

4. The compact support property for the A-Fleming-Viot process 

In this section, we proceed to prove the compact support property of A-Fleming-Viot 
process. We also find both upper bound and lower bound for the Hausdorff dimension 
of its support. Until the end of this section we assume that the measure A has no mass 
at 1, i.e., A({1}) = 0. 

Intuitively, if the corresponding A-coalescent comes down from infinity, then for any 
fixed T > 0, the random variables {Xi{T), X2{T), . . .) in the lookdown system are highly 
correlated. This is because the particles at time T are offspring of the finitely many 
particles alive at an arbitrary time before T. Our approach is to group the countably 
many particles at time T into finitely many disjoint subclusters according to their re- 
spective common ancestors at an earlier time. When this earlier time is close enough to 
T, the distances between the particles at time T and their respective ancestors have to 
be small. Then each subcluster is contained in a small neighborhood of its ancestor and 
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all the neighborhoods are contained in a compact set. The compact support property 
thus follows. 

Throughout this paper we always write C or C with subscript for a positive constant 
and write C{y) for a positive constant depending on y, whose values might vary from 
place to place. 



4.1. The main result. We begin by recalling the notion of Hausdorff dimension. Given 

^ C M'^ and /3 > 0, > 0, let 

Aj(^)^ inf Y.^d{Si)f, 

where d {Si) denotes the diameter of ball Si in and ifj^ denotes the collection of 
rj-covers of set A by balls, i.e., 

ifj^ = {{Si} is a cover of A by balls with d{Si) < rj for each Z}. 

The Hausdorff ^-measure of A is defined by 

A'^ (A) = lim (A) . 

The Hausdorff dimension of A is defined by 

dim {A) = inf > : A'^ {A) = 0} = sup > : A^ {A) = oo}. 

For any n > m > 2, let Il^{t),t > 0, be any A-coalescent with n^(0) = 0[„]. Then the 
block counting process #H^(t) V m is a Markov chain with initial value n and absorbing 
state m. For any n > 6 > m, let {//&,jk}m<ik<&-i be its transition rates such that 



(6) 



Mb,6-1 = (2) -^6,2) 
^J■b,b-2 = (3)^6,3, 



lJ'b,m = J2k=b-m+l (J-^^fe- 



The total transition rate is 



Mb 



b-l b 
k=m k=2 ^ ^ 



For b > m, let 'jh^rn be the total rate at which the block counting Markov chain starting 
at b is decreasing. Then 



(7) 7b,. 



Ep(fe-i) (DV + ELb- 

Efc=2 if 6 = m + 1. 



m+l 



- m) {l)Xb^k, if 6 > m + 2, 



The main result of this paper is the theorem below, which gives a sufficient condition 
for the A-Fleming-Viot process to have a compact support. 
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Theorem 4.1. Given any A- Fleming- Viot process X with underlying Brownian motion 
in M°', let {'yb,m) be defined in Equation ^ for the corresponding K-coalescent. If there 
exist constants C > and a > such that 



(8) 7f.,™"'<Cm-" 

h=m+l 

for m big enough, then for any T > 0, with probability one the random measure X{T) 
has a compact support and the Hausdorff dimension for suppX{T) is bounded from above 
by 2/a. 

4.2. Some estimates on the A-coalescent. We first point out an immediate conse- 
quence of assumption ([8]). 

Lemma 4.2. The A-coalescent comes down from infinity under assumption 

Proof. Notice that 'yb,m ^ 7b for any b > m > 2. Then the corresponding A-coalescent 
comes down from infinity by Theorem 12.11 □ 

Lemma 4.3. For any 2 < m < b, we have 7b,m ^ lb+i,m- 

Proof. According to the different values of b and m, we consider the following three 
different cases separately. 

Case l:b = m+1. By the consistency condition ([2]) for {\b,k) and the definition of {7b,m)^ 
we have 



k=2 ^ ^ k=2 ^ ^ 

2 ) Ab+1,2 + ^ ( ? ) Ab+l,fc + ^ (t ^ J Ab+l,fc + \+l,b+l 
^ k=3 ^ ^ fc=3 ^ ^ 



By the identity 



(9) " ^ 



we then have 



k \k-l V k 



7b,m<[ o ^Ab+1,2 + ^2^ ^ ^ Afe+i,fe + 2Afe+i,fe+l = 76+1,. 
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Case II: b = m + 2. Similarly, it follows from the consistency condition ([2]) for {\b,k) and 
the definition of (7fe,m) that 

lb,m = U ) Ab,2 + 2^ ^ I , J ^b,k 
k=3 

b 



k=3 ^ ^ 

j + ^ 2 ( iu ) ^ff+i,*: + E ^ ( A; — 1 ) "^^^^'^ ^ 2Afe+i,fe+i 

^ fc=3 ^ ' fc=4 V ~ / 

6 



Applying the identity ([9]), we have 



fc=4 
/ n -I- I \ 

\ K. I '^^+^''^ 

fc=2 \ / ^^4 



3 /A_LT\ 

! O ^ ' I /I 



=76+1 



Case III: 6 > m + 3. The proof involves similar but longer arguments as the first two 
cases. 

h—ra 



(h\ (h\ 

I O ^ ^ I ?._v«^_Ll \ / 



fc=2 ^ ' k=b-m+l 

b—m 



^ik- 1) (A {Xb+i,k + h+i,k+i) + X] (^-"i) (^] (Afe+i,fc + A6+i,fc+i) 

fc=2 ^ ^ fc=b-m+l ^ ^ 

J];(A:-1) L jAfe+i,fc+ ^ (b-m)(\Xb+i,k 

k=2 ^ ^ fc=fe-m+l ^ ^ 



fe-m+l / b \ f b \ 

+ E (^-2)(, _ jA,+i,,+ {b-m)i \\b+^,k 

k=3 ^ ^ k=b~m+2 ^ ^ 

+ (6-m-l)( ^ \\b^\,b^\-Tn ^ ^ - ra) [ ^ A\+\f>-m+\ 
\b — ml \b — m + \J 



- E <-'")(G!^(:)) 

fc=fe-m+2 ^ ^ ^ \ / / 



Afo+l.A: + (fe — m')A5+i,5+i. 
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With Equation ©, 

b—m 



k=b-m+2 ^ ^ 

1 O V / I L I o ™ \ / 



k=2 ^ ^ k=b+2-m 

~-7b+l,r. 



□ 



For the A-coalescent (n(t))Q<^<2" with 11(0) = 0[oo] recovered from the lookdown con- 
struction, denote by (n„(t))Q<j<jy its restriction to [n]. Clearly (n„(t))Q<^<^ is exactly 
the A-coalescent recovered from the first n levels of the lookdown construction. 

For any n > m > 2, put 

r;^ = inf{tG [o,r] :#n„(t) <m} 

and 

(10) r„ = T;^ = inf{t G [0,T] : #n(t) <m} 

with the convention inf = T. From the lookdown construction, it is obvious that 

/I 1 A rpn ^ rpn+\ ^ rpn + 2 ^ ^JK rp 

Lemma 4.4. If there exist constants C > and a > satisfying ^ for the correspond- 
ing A-coalescent, then we have 

(12) ETm < Cm-'' 

for m big enough. 

Proof. We can define a A-coalescent {U^{t))t>o satisfying n^(t) = n(t) for all t < T. 
Put 

r^'" = inf{t>0:#n^(0<m} 

and 

r^ = T^'- = inf{t>0:#n^(t)<m} 

with the convention inf = oo. Then Tm < T,^ and we only need to show that lET^ < 
Cm-". 

We adapt the idea of Lemma 6 in Schweinsberg |16j to prove this lemma. For any 
n > m and 1 < k < n — m, define 

^0 = 0, 

finf > : #n^(t) < #^^(7^fc_l)} if m^iiZk-i) > m, 

|7^,,„l if #^^(7^fc_l) = m. 



7^^ 



Note that T^'" = TZn-m- For i = 0, 1, 2, . . . , n - m, let Mi = #^^(7^j). For 
1, 2, . . . , n — m, let Li = lZi — TZi-i and J7i = A/i-i — Mi. 
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On the event {A/i-i > m}, for any n > 6 > m, we have 

'b\ Xhk 



for fc = 2, 3, . . . , 6 — m and 



P{Ji = b- m\Ni-i = b)= i^j) 



k=b—m+l 

Consequently, on the event {A/i-i > m}, we have 
Therefore, 



n—m n—m 



ET^'" = ¥.nn-m = E ^ Li = ^ EE (Li|AA,_i) = ^ E 

i=l i=l 

n—m 

= E ^ (^^l-^-l) l{M-i>m}, 

i=l 
n—m 

= E ™ (7A/;_„™^a{M-i>m}|A/^- 
Since J7i = on the event {A/i-i = m}, we have 

n—m 



i=l i=l 

(n—m \ I n—m Ji — \ 

1=1 / y i=i j=o 

Smce (7fe,m)felm+i increasing sequence by Lemma HTSl it fohows that 

(n—mJi — \ \ / n \ oo 

EE7M-.-.J=iE E H ^ 
i=l j=0 y \fe=m+l / 6=m+l 

By the Monotone Convergence Theorem, we have 



m 

b=m+l 



ET^ = lim ET^'" < ^ 7,-^ 

Finally, by dH) we have 

ET^ < Cw: 

for m big enough. 
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4.3. An estimate on standard Brownian motion. Write 

(B(.)),>o = (i?i(s),i?2(s),...,i?d(^)),>o 
for standard d-dimensional Brownian motion with initial value 0, where 

(^i(s))s>0' ^ = I,-- - 

are independent one-dimensional standard Brownian motions. For any vector z 



{zi,Z2, ■ ■ ■ ,Zd) G M"^, write ||z|| = \jYli=i usual. 

Lemma 4.5. Given the above mentioned d- dimensional standard Brownian motion, for 
any t > and x > 0, there exist positive constants Ci and C2 such that 



(13) 



P ( sup ||B(s)|| > X ) < CiVix~^exp (-Cax^t"!) . 



Proof. By the reflection principle, it is clear that 

P ( sup ||B(s)|| > X ) < 2dP (\Bi{t)\ > X 

\0<s<t J ^ 

<(8<fA)"=v/J.-'exp(-|i) 

= CiVix-^ exp (-C2xH'^) . 



□ 



4.4. The compact support property for the A-Fleming-Viot process. In this 
section, we discuss the A-Fleming-Viot process with the corresponding coalescent sat- 
isfying assumption ([8]) . By Lemma 14.21 the corresponding coalescent comes down from 
infinity. Given the constant a > in dH), for any k G [00] define 

Because of the coming down from infinity property, if we look backwards for a small 
amount of positive time AT in the lookdown construction, there exist only finitely many 
ancestors at time T — AT whose offspring are these countably many particles existing 
at time T. 

Recall the A-coalescent (n(t))Q<^<2" recovered from the lookdown construction in Sec- 
tion [3?2] and the time defined by (jlOp . For all m G [00], the number of ancestors at 
time T — Tjsf^ is equal to #n(T/v^), which is almost surely finite by the coming down 
from infinity property. 

Put 

iV4 = #n(r^„) and n(Tjv„) = {^,:Z = l,...,iV4}, 

where {vr; = TTi{m),l £ [^m]} disjoint blocks of n(T/v„) ordered by their 

minimal elements. Note that LJ{T — T^^) = I for any j G tt/ by Lemma 13.11 The 
maximal radius of subclusters is defined as: 



Rm = max sup 

l</<Ar* 



Xj{T) - X^T^T-Tr,^) ~ 



max sup \\Xj (T) - Xi{{T - Tn„ 



14 Compact support property of A-Fleming-Viot process 

For k G [oo], define time interval Jk = [T — T^f. , T — T/Vj.+J • Let \Jk\ be the length of 
interval Jk- Thus 

\Jk\ = [T - Tn^+i) -{T - TatJ = Tat^ - Tn^,^-, < Tn^. 

Let Dk be the maximal dislocation over time interval of all the Brownian motions 
involved, i.e., 



(15) Dk = max sup Xlt^t_t .{T - Tn^+,) - Xi ((T - TtvJ- 

Note that for any fixed 1 < / < N^, the collection of ancestor levels 

{Lj(r-T;v,+J : jGvr;} 

has a finite cardinality because of the coming down from infinity property. Thus the 
supremum in ()15p is taken over a finite set. 

Lemma 4.6. Under the condition of Theorem for any 5 G (0,1/2), almost surely 
the maximal dislocation Dk satisfies 

Dk < 2-^(^2-^) 

for k big enough. 

Proof. For the trivial case of T/v^^^ = T, we have \Jk\ =0 and the dislocation of Brownian 
motion over Jk is equal to 0. Consequently, 

pfDfc>2-KI-^),|j^l =0) =0. 



In the case of | J^j > 0, the total number of Brownian motions involved over Jk is no 
more than 

Nk+i = 2('=+i)/" {k + 1)2/° . 

Thus we have 

p(Dk> 2-H|-'5)^ 



= P (^Dk > 2-K5-5), I ^ 0^ ^ p (^^^ > 2-K5-5), I > Q 

=p(^Dk > 2-H^-'5),0 < \ Jk\ < 2"'=) +p(^Dk> 2-''(^-^) \ Jk\ > 2-''^ X P (^\Jk\ > 2'^ 
<Nk+i>iPl sup ||B(s)|| >2-K|-^) J +p(^|J,| >2-^') 



=Il{k)+l2{k). 

By Lemma 14.51 we have 



P sup ||B(s)|| > 2-KI-^: 



0<s<2- 



< Ci2-'=^exp(-C222^'=) 



Consequently, 

Ii{k) <2^ {k + l)^Ci2-'''exp(-C22' 
<Ci2"exp (-022^"^) 
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It is clear that Ylk -^i(^) < 

Applying Lemma 14.41 with m replaced by N^, we have for k large enough 

Since | Jfc| < ^at^., it follows from the Markov's inequality that for k large 
hik) <P (Tn, > 2-^) < 2''ETn, < Ck-\ 

Therefore, 

Y,P{Dk> < Y,h{k) + Y,h{k) < oo. 

k k k 

Applying the Borel-Cantelli lemma, we have almost surely 

Dk < l-^'i^^-^) 

for k large enough. □ 

Lemma 4.7. Under the condition of Theorem \4-l\ for any 6 € (0,1/2), there exists a 
positive constant C{5) such that almost surely, 

for m big enough. 

Proof. Applying Lemma |4.6[ we have almost surely, 

Dk < 2-''(^2-^) 

for k large enough. Then almost surely for m large enough, 



C(<5)2-"^(5-^). 



l-2-(i-^) 

□ 



Proof of Theorem 14.11 We first prove the compact support property for the A-Fleming- 
Viot process with the corresponding coalescent satisfying ([8]) at any fixed time T. 
For m large enough and for all A; > m, by Lemma 14.71 we have 

A'™ 

X, ((T - T^J -) C IJ B {Xi ((T - TmJ -) , ii™) 
1=1 

C U B (X, ((T - TmJ -) , C(5)2-™(^^)) 

1=1 
= B, 

where B(x,r) denotes the closed ball centered at x with radius r. For each n S [oo], 
from the lookdown construction there exists a random variable (5„ > such that during 
the time interval [T — 5„ , T] , the particle at level n never looks down to those particles 
at lower levels {l,2,...,n — 1}. It then follows from Lemma 13.11 that for any j S [n]. 



16 Compact support property of A-Fleming-Viot process 

LJ{s) = j for all s G [r — 5n,T]. Further, the sample path continuity for Brownian 
motion implies that 

Xj{T) = Xj{T-) = hm ((T - Tn,) -) . 

Therefore, Xj{T) is a limit point for the compact set B and we have Xj{T) G B for 
all j. Let 



1 



i=l 



By the lookdown construction for the A-Fleming-Viot process we have 
Clearly, 



X{T) = lim Xn{T). 



supp (XniT)) C B 
for all n, which implies that 

supp (X (T)) C B. 

We now consider the Hausdorff dimension for the support at time T. The collection 
of closed balls 

{b [Xi ((T - T^J -) , C(<5)2— (^^)) : / = 1, . . . , iV;;} 

is a cover of supp(X(T)) for m large enough. 

For any e > 0, choose S > small enough so that 

1 



2 dj{2 + e)>l. 

For all m big enough we also have < N^- Then 

lim iV*C(5)^2— (1-5)^ 

< hm 2^m^C{Sf-^2Mk-sm 

=C{5f-^ lim mi2-f 
=0 

and we have 

dim(supp(X(T))) < (2 + e)/a. 
e is arbitrary, so the Hausdorff dimension for the support is bounded from above by 
2/a. □ 

Corollary 4.8. // there exist constants C > and a > such that the total coalescence 
rates {\b)f,->2 "/ corresponding k-coalescent (n(t))Q<j<j, satisfy 

oo 
b=m+l 

for m, big enough, then for any T > 0, with probability one the A-Fleming-Viot process 
has a compact support at time T and the Hausdorff dimension for supp{X{T)) is bounded 
from above by 2/a. 
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Proof. From the definitions of Aj, and 'yb,m, we have Xb < 'Jb,m for any b > m. Thus 
Ylb^m+i^b^ — Cm^°' implies YlT=m+i%m — Cm^^. Then the conclusion is directly 
obtained from Theorem 14.11 □ 

The lemma below on a lower bound for the HausdorfF dimension can be found in 
Falconer flOl. 



Lemma 4.9. Let A he any Borel subset o/M". If there is a mass distribution fj,, supported 
by A such that 

Ia{A)= [ I - — ^—^ fi{dx) fi{dy) < oo, 
jRd jRd \\x - y\\ 

then dim (A) > a. 

By adapting the approach of Proposition 6.14 in Etheridge [9], we could also find a 
lower bound on the Hausdorff dimension for the support of A-Fleming-Viot process at a 
fixed time. 

Proposition 4.10. Let X be the A- Fleming- Viot process with underlying Brownian mo- 
tion in M"' for d >2. Then for any T > 0, with probability one the Hausdorff dimension 
of supp{X{T)) is at least 2. 

Proof. By Lemma 14.91 we need to show that at fixed T > 0, 

1 



E 



\x - y\ 



-X{T) {dx)X{T){dy) 



< oo, 



where 1 < a < 2. Write {^i, f) for the integral of function / with respect to measure //. 
It is well-known that moments of the A-Fleming-Viot process can be expressed in terms 
of a dual process involving A-coalescent and heat flow, see Section 5.2 of [2] for such a 
dual process. For lack of multiple collisions, expression for the second moment of the 
A-Fleming-Viot process is the same as that for classical Fleming- Viot process given in 
Proposition 2.27 of [9j. Then for any (pi,(j)2 G CbiW^), we have 

E [(X(r), (/^i) {X{T), 02)] =e-'-^ (X(0), {X{0),PTh) 

rT 



+ (^X(O), ^ re-^'PT-s {Ps(t>iPs(l>2) ds"^ , 



where Pg is the heat flow and r is the total coalescence rate when the number of existing 
blocks is 2, i.e., r = A2. 

Following arguments similar to Proposition 6.14 of [9], we can show that for any 
nonnegative function of the form ip (x,y), 

e[/ / ij{x,y)X{T){dx)X{T){dy) 
=6"'''^ / ■■■ / P{T,z,w)p(T,z',w'^tp(w,w'^dwdw'x{0){dz)X{0){dz') 



-|- r y J J ^ ^^P {T — s, z,w) p {s,w,y) p (^s,w,y^ tp (^y,y^ dydy dwX{0){dz)ds, 
where p (•, •, •) denotes the heat kernel. 
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Compact support property of A-Fleming-Viot process 



Choose ■0(x,y) = l/||x — for 1 < a < 2. Following the hint in proof of Proposition 
6.14 in l9\ we can show that both integrals on the right hand side of the above equation 
are finite. Therefore, the Hausdorff dimension for the support is at least 2. □ 

Corollary 4.11. Suppose that d > 2 and A({0}) > 0, i.e., the A-coalescent has a 
nontrivial Kingman component. Then at any fixed time T > 0, with probability one the 
A-Fleming-Viot process has a compact support of Hausdorff dimension 2. 

Proof. Since A({0}) > 0, the A-coalescent has a nontrivial Kingman component. Then 

^ Am)b{b - 1) 

and 

V 1 V 2 _ 2 

Applying Corollary 14.81 with a = 1 , the A-Fleming-Viot process has a compact support 
and the Hausdorff dimension for the support is bounded from above by 2 at any fixed 
time T. This together with Proposition 14. lOl implies the desired result. □ 

Remark 4.12. Corollary complements the result on Hausdorff dimension for the 
classical Fleming- Viot process in Dawson and Hochberg [3] . 

4.5. Examples. 

4.5.1. The A-Fleming-Viot process with its coalescent having the {c,e,'y) -property. 

Lemma 4.13. For n > 2, there exists a positive constant C{c,j,e) such that the total 
coalescence rate of the A-coalescent with the {c,e,j) -property satisfies 

where 

Proof. By the definition of A„, we have 



k=2 







[\ye)-^l-yer-hdy 
Jo 

>c(!;)e'~^ l\-\l-yT~^dy 







2^ 

ce^-^n (n- l)!r(l -7) 



2(1-7) 



r(n - 7) 
X B, 
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where 



n-1 n-2 3 2 
B = X X • • • X X 



n — 1 — 7 n — 2 — 7 3 — 7 2 — 7 

It follows from the inequality ln(l + x) > x — x'^ /2 for < a; < 1 that 

n—l / , \ n— 1 



n—l 9 n—l ^ 



/ - 


-7 




7 


X 


-7 


n 


-7 


2 


- 7 


n 


-7 



72 1 

> / — '■ — dx — —I T^dx 

1 



7 In 



, 7' 

> 7ln ■ 



Consequently, 



2-7 2(1 -7)' 



ce^ '^n f 11 — 2? 

An > —, r e 2(1-7) . 

"-2(1-7) 



Since 7 G (0, 1), then n — 7 > n/3 for any n>2. Therefore, 



"-2(1-7) V3(2-7)/ ^ ^ ' 



□ 



Proposition 4.14. Let X be any A-Fleming-Viot process with underlying Brownian 
motion in for d> 2. If the corresponding A-coalescent has the (c, e,^) -property, then 
for any T > 0, with probability one the random measure X has a compact support at 
time T. Further, 

2 < dim{supp{X (T))) < 2/7. 

Proof. It follows from Lemma 14.131 that 

00 00 ^ 

^ ^'^ - ^ C(c,7,e) 

k=m+l k=m+l ^ ' " ^ 

.00 -^^ 

- ' C(c,7,e)xi+7 ^ 
1 



jC (c, 7, e) mT ■ 

Applying Corollarv l4.8l and Proposition l4. 10} the conclusion is immediately available. □ 
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Compact support property of A-Fleming-Viot process 



4.5.2. The Beta{2 — (3, f3)-Fleming-Viot process with underlying Brownian motion. 

Proposition 4.15. Suppose that d > 2. For any T > 0, with probability one the 
Beta{2 — P, P)- Fleming- Viot process X with underlying Brownian motion in has a 
compact support at time T if and only if /3 £ (1,2). Further, for (3 £ (1,2), 

2 < dim {supp {X (T))) < 2/ (/? - 1) . 

Proof. For /3 S (0, 1], the corresponding Beta(2 — /3, /3)-coalescent does not come down 
from infinity. 

For /3 G (1, 2), then /3 - 1 G (0, 1) and given e e (0, 1), for aU x G [0, e], we have 

^(^^) = f(2^fyfM^"'^^-^^'"'^ 

> r(2)(i-e)^-^ ^i-,,^ 
- r(2 - (3)m 

which implies the Beta(2 — /3, /3)-coalescent has the (c, e, 13 — l)-property. 

By Proposition 7.2 of [3J and Proposition 14. 141 the Beta(2— /?, /?)-Fleming-Viot process 
has a compact support if and only if /3 E (1,2) and the Hausdorff dimension for its support 
is between 2 and 2/ (/3 - 1). □ 

Remark 4.16. Intuitively, since the Beta-coalescent comes down from infinity at a speed 
slower than Kingman's coalescent, the particles in the lookdown representation are less 
correlated. So we expect a higher Hausdorff dimension for the support of Beta-Fleming- 
Viot process with underlying Brownian motion. 

Remark 4.17. By Proposition \4.1^ the coming down from infinity property is equivalent 
to the compact support property for Beta{2 — 13, 13)-Fleming- Viot processes, which suggests 
that the assumption (E^ is rather mild. 

Acknowledgement The authors are thankful to anonymous referees for very helpful 
suggestions and detailed comments. 
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